Learning to work through to a solution for our problems

The Greek origins of our word `mathematician’ is mathematikos  and it means one who is disposed to learn.  The ancient Greek word for pupil or student is mathetes.  Mathema is that which is most learnable.  Many may find themselves “in the dark” trying to follow and more importantly “grasp” what is going on in these proofs presented by your text.  And the darkness may be particularly great when you work up your own solutions.  

The ancient Greeks believed that in the dark cave behind the pupil of our eye, there was a figure which they called Kore or Demeter, a goddess ministering the Eleusinian mysteries guide for those lost in the dark labyrinthian caves at Eleusis to the light.  This was a very special initiation perhaps not unlike the one in Mozart’s Magic Flute. 

Imagine for a moment the darkness around us when we are asked whether every square of an odd number is always of the form 8m + 1.  Learning is about asking questions.  Assume for a moment that Kore begins to lead us to the light and she does so by asking us questions.  We will be P, a pupil, the one disposed to learn.  Kore  (K) mostly asks questions:

K:  Do think that the square of any odd number is always of the form 8m + 1?

P:  I don’t have any idea.

K: Did you try squaring a few odd numbers to see if indeed they are of the form 8m + 1?

P:  No, I didn’t think of that.  Let me see. . . the square of 3 is  9 and 9 = 8 + 1, so if we put m = 1, then yes, 9 is of the form 8m +1.  Ummm.  What about 7 squared?  That is 49 = 48  + 1 = 8*6 + 1, so m = 6 here.  Let me try 9.  9 squared is 81 and that is equal to 80 + 1 = 8*10 + 1.  Heh!  So it is true!

K: How can you be so sure from just a few examples?

P: Well, it looks like it is going in that direction.

K: Do you see why?

P: Aren’t a few examples enough to show something?

K: I am afraid you are still in the dark.  Do you think you have any insight into why this is true?

P: Well, maybe not.

K: We will agree that you really see nothing here as to what makes the square of any odd number to be always of the form 8m + 1?

P: Yes, I suppose so.  

K: Where do we begin?

P: I don’t know how to begin.  

K: At the beginning, of course.  If you talk about the square of an odd number, what must you know?

P: I must know what it means to square a number and what an odd number is.

K: Assuming you know what it means to square a number, do you know what an odd number is?

P: It is something like 1, 3, 5, and stuff like that.

K: Do you think a few examples show us what an odd number really is? 

P:  OK.  I say an odd number is an even number plus 1, how is that? 

K: It would be good if we knew what an even number is.

P: That is easy!  It is a number exactly divisible by 2.  It is double some number. 

K:  So we could say symbolically an even number can always be written as 2n.  This would be a consequence of the quotient-remainder theorem, no? 

P: What is that?  

K: Perhaps you recall your first experience with division in grade school?  You take a divisor and divide it into some other number which divides into it a certain number of times with a remainder which is less than the divisor? So dividing any number by 2 will give you only two possible remainders, 0, and 1.  

P: Ah, that was a long time ago.  

K: But you still do division, don’t you?

P:  I do it with a calculator and I mostly use decimal notation. But I am beginning to remember things about long division.  It is coming back to me now. 

K: So, can you take what you now have seen and is wholly yours and tell us what an odd number is?

P: Yes, I think so.  It is any number that can be written as double a number plus 1. 

K: Symbolically, we would write any such number as 2n + 1 for some n, no?

P:  Yes. 

K: Well, square such a number and see what you get.  Use some of the algebra you know for squaring such expressions as 2n + 1.

P: OK. 
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K:  Since we are aiming to show  this number is of the form 8m + 1, how should we frame the problem?

P: I suppose subtract 1 from what I just wrote, and try to show what is left is divisible by 8, no?

K: Very good. 

P: But looking at what I get does not help me very much.  

K:  What you have so far is the sum of two things.  If you want to make it look like 8m, you are going to have to make it look like just a simple product.  Can you do that?

P: Hey, yeah!  The 4 and the n are common to both terms, so I can write it as 4*n*(n + 1).

K: What do you need to show now?

P:  Well, I know it is divisible by 4.  I suppose if I show n*(n+1) is divisible by 2, then I’m done!

K: Bravo!  Can you do it?  Say what n*(n + 1) is in words.

P: It is the product of an integer n and the next integer following it. . . ah wait, I beginning to see it, one of those integers must be even, no?

K: Yes, but can you prove it.

P: Prove what, I am losing it?

K: Prove that one of the integers n, n + 1 must be even. 

P: But that is obvious, just look at a few numbers!

K: Does looking at a few numbers throw any light on this?

P:  You mean real insight.  So I must once more think what an even number is, and get at it that way, yes?

K: Yes. 

P: Well, what if neither one nor the other are even, what then?

K: That is both are odd.  Is that possible?

P: Well if n is odd, then it is of the form 2p + 1, recalling what we showed above, no?

K: Then what is n + 1?

P: Let me see. . . it will be 2 p + 1 + 1 and that equals 2p + 2, but wow! That is just 2(p +1) which is double some number, so it is even.  This contradicts our assumption that both are odd, so one must be even.

K: Do you see it now? 

P: Yes, and I think I can write up a clear step by step proof of this to show it to others.  This last shows that n(n+1) = 2m, for some m, so the square of (2n  + 1)  minus 1 = 4(2m) = 8m! I’m done!  I see it, and I see how it works!

K: Do you see you just needed to be very clear as to what odd and even numbers really are?  Do you see how learning means asking very clear questions to yourself?  Today you are acting like a real pupil who has brought some light to this problem.  You now see why it is so, and you can tell others about it as well.  

One last remark.  The Greek word glaphuros  means not only a cave or hollow, but also an elegant mathematical demonstration. 
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